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Ab.tract 
th ... thod of .... ltibody .yat ... bu been dtlveioped du.r1na the l .. t two 
decade, with application to varlou. enalneerlns topic., includlns robotic. 
and .alkin, .. chine.. On the oth.r hand, 'p4clal .llorl~ for robot 
dyn&alc. are avail.bl. f •• turi", the hlah co.pucatlonal efficiency 
required for control purpo.... Thl. ,.,.r .how. the clo •• ralation 
betlleEn both ~a.basentNal criteria far the eIT1c1ency of 
~c. sol"tlere are the nmi>era of coordlnatea ~I _ch I!h:uld be 
.lnt .. t. For lllu.tration • two-body .y.t .. 1. conaldered,lncludlnl open 
and cIa.ad loop conflcuratlona. 
1. IKnODUctlOil 
MAny engineer Ins DvD~"DLllka vehicle •• Ipaclcraft. or robota, can b • 
.odal.d II .ultlbody .y.t.... The ca.plaKlty of the dynaalcal equation. 
caU.d for the develo~nt of co.puter- a1cL1d foraalt. ... tart1na • quarter 
of • century a,o. The .tat.-of-the-art: va, pre.anted at lurAN .y.po.la 
and other .. atin, •• docuaentad in tha corr .. pondinc proc .. diJ\l8 •• aa 
ha~ Ill. Hau, 12J . lianehi and $chiahlan (1) . Mora .~cializad 
foraall ... hava baen developed for robot control featurlnc hi,h 
co~utational efficiency, .ee Hollerbach 141, Walker and Orin IS), 
Vukobratovic and Kircan.kl (6), Brandl . Johannl and Otter [7), Vala.ek 
18) . It I. quite clear that a .are .pecializad fo~li •• can be better 
tri_d to fit the require_nte. On the other hand, the equationa of 
.ation are invariant with re.~ct to the ,anaralized coordlnat •• choaen . 
nnu. ,eneral purpo.e foraaU ... .wit ,enerate the ' .... re.ulb . 
Difference. In cOlIPutational cotlplexity C8R1Ot be due to .. chanled 
.adellng but only to nu.erical evaluation, p~ci.l pro~rtie. of • 
.. chanlcal ay.te ... y r..ain hidden in a ,aneral purpoae pro'r ..... 
re.ulting in additional co.putational coata . 
In th1s paper both the III1lt1body ayataD _ the robot d~c approach 
are pre.ented . loth approachea are ca.pared with re.pect to their 
coaputational effietency. A tvo·body .y.te. with open and cloud loop 
topololY i. uaed for illuatration. 
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2 . IIIlLr1BODY SYStIII APPIlOACII 
Multi~ .y.t ... conai.t of rili4 bodi •• , cooatr.int .l ... nt. lit. 
jointe, be.rinp .nd 'upporte, and forc •• l ... ntl re.liz.d by 'prinp, 
cla.per. or •• ~tor •• r •• p.cttv.ly. U.ina the fr •• body prineipl. for 
body i. the pol1tlon 18 liv.n by the 3xl-tranalation v.ctor ru of an 
ubitrary body-fix.d paint 0, and by th. 3x3-rot.tion t'Mor Su r.l.ting 
the body-flx.d fr... i to the inertl.l fr... I, Pi,. 1. Th.n. by 
dlff.r.ntl.tina, tb. ah.olut. 3xl- tr&D81.tional and rotational 
.aee.l.r.tion v.etora 'u and 0n. r •• pecti .... l,. •• r. obtained. 
For the fozwul.tlon of th. dynaale.l M.rton'. and Eul.r' •• quationAI the 
body-fix.d fr... I i_ aore .clequat.. Th.r.fore. th. acc.leration 
v.ctor. viII b. r •• olv.d in fr... 1 and r'pr ••• nt.d by an ov.r.ll 6xl-
.ee.l.r.tion v.etor 
Th.n. M.¥ton'. and lul.r' •• quationa r •• d .. 
t ... 1 • ... • p. 
(1) 
(2) 
wh.re Kt 11 • tille-inv.riant 6x6-llllrtl ... trlx compoaed of the ...... 81 _,. 
the lxl-v.ctor e, b.twe.n the r.f.r.nc. point 0, and the c.ntr. of Da.S C, 
and the 3x'·t.rlIor of IIOaent. of inertia lot . Further. the 6xl-v.ctor kt 
rapre .. nta the UTo.copic fore •• and ql - (fol' len1')' 11 the 6xl -veetor 
.u.aarlzlna the lxl·force vector ~ .nd the lxI-torque v.ctor 101 ,1.0 
re.olved In the body-fix.d fr ... 1. Introducina q cOR8tralnt •• the free 
.y.t .. of p bodi.. i. .. • ..bl.d a. • holonaeic .y.t... Th.n. all the 
kln ... tic.l quantiti •• depend on the f - 6p-q generalized coordinates of 
the .y.tea r.pr ••• nt.d by the fxl-po.ition v.ctor y . In particular, it 
yi.lda for .el.ronoaie .y.te .. 
I Z' ... I,I(Y) (3) 
By diff.r.ntl.tine vith r •• p.ct to the inertial fr.-e con.idering the 
I.ner.llzed coordinat •• and r •• olvins in the body-fixed fr.-e. on. finally . 
• rrive. at the 6xl-.cceleration v.ctor 
, j ... 1, ... . ,P (4) 
wh.r. the 6xl·J.cobi.n .. trls J, i. introduced •• ee e . g. Ref . [9). 
Further. the re.ction force. and torque. Ci/ -
-.-1'-.-q, ... ql + ql ... ql + Qs6 
[f,.rT 1,1'1')' h.ve to be added 
(5) 
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where ql- are the nu1n1ns appUed forc ... Q, b • 6xq-dhtribution .. triK 
and & r.pr.~.nta the q&l-vector of the ,enerallze4 re.ction forc ••• 
Then, th. Newton-Euler equation. of the total .yat .. r •• d •• 
fj J 7 • i - q • Q8 (6) 
where" - dla, IKtI - conat, jt - ai' Ja' Jpt] and 
'QT _ (Q,' ~T .•. Q.TJ repre .. nt ,1obal .. tric •• of the .yat •• . 
Due to the orth0lonal1ty of fr •• .otton. and r •• ction forc •• in 
conatr.lned .yat ... it NN.N~ accordln, to the principle of vlrcual work 
:r ii - o. 
1;.lng (7) the differenti.l algebraic.1 .yat •• of equation. (6) can b. 
re.olv~~ In the pure differential equation. of motIon 
and the. p'J re .l! EF~r.lc.l equatlona of r.action 
N • • q ... it 
(7) 
(I) 
(9) --- ---Where " - JT K J • the fx! inertia .. trlx and N _ Q' Hrl Q rapr ••• nt. the 
gxg-r •• ct1on ~t llx of the conatralned .yet... The .alution of both 
equationa (8) and (9) requira. fir.t of all the Inver. Ion of the Inertia 
or reaction .. trix, ra.pectivaly , ¥bieh i. axpenaive and ti.e-conauming 
for larger .y.t .... 
Even if the principla of virtual povar i. uaed, eo.-t!.e. referred to a. 
Kane-. equatlona •• aa a., . Quirt and Andereon (10). tha inversion of the 
inertia .. trix cannot b. avoided . 
3 • THE ROBOT DYNAIIICS APPROACH 
lobot. ara aultibody ey.te .. with chain topology . This special property 
can be uaed to achieve recur.ive foraali ... 1 ••• expenaive and ti .. -
conaUIIlng . 
Accordlns to PI,. 2, it ylelda for the absolute acceleration bf body 2 in 
Its body-fizad fr ... 
(10) 
and for ita the reaction 
-. 0 r qJ - ,!I, - C,OJgJ' (11) 
¥bere the local .. trice. Ci' J 11 Qi are related to joints 2 and 3. Note 
that both the ftxl-vector Yt of generalized coordinates and the qtxl-
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vector. &i of generalized reaction forc.. are related to the 
corr •• ponding joints. 
Summarizing the •• re.ults for the total ayat.a, it follows frou (10) and 
(11) 
a - c • • J Y + e. (12) 
(13) 
where C t •• SpxSp~.p.r.e .. trlx with the .. trices Clan the Lower sub-
dlagnonal and J - dl.gIJ1), Q - di.gCQ1' . Then. comparing with (6), the 
following ,lobal .. tric.. are obtained 
J - (E-C) -' J, 
Ii - (E-C)' Q. 
VhU. Q r ... lu a 6pxq-aparae aatrlx. :r is a 6pxf-lover block-
triangular .. trlx. 
(14) 
(B) 
Iy definition, froa (8) and (9) it 1. found that even for a chain sy.tea 
the {xt-lnertia aatrlx 1 •• full aatrlx: only the qxq- reactlon aatrlx is a 
band aatrlx. Hov.ver. the txt-lnertta .. trlx K ha. a special structure 
shown In Ref . (11). The application of the Causalan algorithm atarting 
with the l.at rov and the introduction of proper abbreviations results in 
• a lover triangular fxf·inertia Datrix H Which meana a completely recursive 
for.-li •• , ••• R.f . Ill]. Then, the corresponding differential equations 
read .a .. .. .. H T • k _ q (16) . ... 
with properly changed fxl-vectora k and q . Thtu:, it tumI: out that the 
e •• enti.l point of .11 the recur.ive robot dynamic foraali ... 1. the 
choice of •• ini .. l nuaber of relative coordinatea relatad to the joints 
of the chain . 
4. COMPUTATIONAL EFFICIENCY 
In a detaned atudy Val .. alc. (8] baa .hown that the IlUltlbody ayatem 
approach vith a full inartia .. trix require. O(n') operation. Vbil. the 
robot d:ynulca approach needa only O(n) operatlona. Up to p - 8 bodi.s 
the 1lU1cibody ayace. approach la atill competitive with the robot dynaqlc8 -approach due to the rather co.plicated expre •• ion of .. tric •• ~I .hown in 
Ref. (11). However. thare reaalna a principal difference between both 
approache.. The robot dynamic. approach 1. restrlcted to chain topology 
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While the .ultibody ayat ... pproach i. quit. ,anerat . It viII b •• hawn, 
however, that the recuralvely co.puted equation. of .ation can b. u.ed to 
.naly.. the elo.ad loop topololY of robot. often found in tachnoloslcel 
.pplication. . 
Th. equation. of ~tlon of the open loop robot r.ad fr~ (8) or (16), 
r •• pectlvely ••• 
•• y -Ir'(q - kl. 
Th. q. cloaln& condition. con.tr.ln the robot' • .otion explicitly or 
t.pUc1t1y. 
y - b.~~~Jl or +(yl - 0 • 
r •• pactlvely. and can b. found fro. robot kin ... tica, ••• Eppinger and 
(171 
(lB) 
Kreuzer (12). Hare, z .. ~ the vector of the fa - f • qc conaervad 
coorctlnates of the robot, am Yc(z) 88 well 88 ~EyF are .'lczl - vector runctlQ'lS. 
Then. introducln& (18) in (17) . the reaction. have to b. added .,.1n, 
[------"!..------I- Ir'«q-II:I • O. g.l . (l9) ..  . I.Cz) % • IC'Cz) % 
Accordin, to the virtual work principl. it yl.N~ ~ttb fI.')1 - 0 and from 
(19) the qcxl·vactor of the ,en.relized cloaina re.ctiona la e.al1y 
obtained 
N. g. - O!(Ir'(q-kl - (01 d;,,,,, 
where fl, - ~t trl Q. 1e the q,xq,·reactlon aatrix. Then, the flrat f, 
equatlona of (19) repre.ent the equation. of .otion of the clo.ed loop 
robot. Thi. approach i. co.,utatlonally efficient .ince the open loop 
equation. (17) have to be .upple .. nted only by the q, < 6 clo.lng 
r •• ctiona .vallable fro. (20) . 
5. IUJJSTRATION IY TIiO-IODY ROBOT 
(2D) 
An exuple that .laply lllu.trate. the .. thod propo .. d la a tvo-body 
robot, Pig . 3 . The fir.t body 1 •• ttached by a pin joint to the ground: 
the aeeond body i. attached at ita center of .... C2 by a pin joint to the 
ftr.t body, re.ultin, in an open chaln. U.ln, the an,le. a and '.s 
relative generalized coordinate., the equation. of Dotion (8) read •• 
(21) 
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with a full 2x2-1nertla matrix H. Further, by application of the Gaussian 
algorithm or a recursive formalism according to (16) the equations of 
lIotion read as 
x~f [H,-I",R sin "J g Fa L 81n (4+&1 (22) [I, -m,R' 0 J I, r~ 
shoving the triangular Cora of the 2x2 inertia matrix H. In this special 
case, a further sll1pliflcatlon Is possible by choosing absolute 
generalized coordinates 0, ~ resulting in • diagonal inertia matrix . 
[I'+;R2 ;J x~f -
For clostng the loop, eqs . (2l) are rewritten according to (19) as 
o Ii' 
(2l) 
(24 ) 
where L sin &(0) - R cos Q represents the kinematical relation. Following 
(20) the generalIzed closing relatIon is obtained as 
F- 1 11- I, ReDS .'H, 
I) R' eosla; • 1 L2 cos' P 
• (-I, R's1n II COB •• I L' sin p cos ~r Fl 
• ( - I L IS cos P) f2~2NI 
(25) 
fJfl·~ol . 
Finally, (25) is put to the first equation of (24) and the closed loop 
equation is at hand, making full use of the recursively inverted inertia 
matrix of the open chain system . 
6 . CONCUlSION 
It has been shown that the multibody system approach and the robot 
dynamics approach are closely related . The essential point is the choice 
of a minimal number of relative coordinates featuring sparse matrices. 
Further, it is possible to make full use of the recursively inverted 
inertia matrix for closed Ipop systems applying the concept of generalized 
reaction forces in the closing joint . Then, high computational efficiency 
is achieved . 
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